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Bakground
In CFD, large-eddy simulation, aeroaoustis, uid-strutureinteration are of great interest.Higher order ompat (HOC) shemes represent an attrativehoie for reduing severe omputational requirements.For inompressible ow HOC has been used in onjuntion withsimple domains disretized by stati Cartesian meshes.Pratially relevant problems require urvilinear time-varyingmeshes with limited smoothness.
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Objetives
1 Extend higher order ompat disretization to onvetion-di�usionequation in urvilinear deforming meshes.2 To solve inompressible Navier-Stokes (N-S) equations in timevarying domains.3 Study impat of not so smooth body �tted grids in simulatinginompressible ow using non-onservative form of N-S equations.4 To ensure advantages of higher order approah over existing lowerorder shemes.
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Moving Domain
For geometries undergoing dynami movement or deformation, amethod for aommodating boundary movements is needed beforenumerial disretization of ow equations.Methods available:1 Immersed boundary method,2 Flow domain remeshing method,3 Mesh displaement method.
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MethodsImmersed boundary method:Advantage- does not require the grid to onform to the shape ofgeometri boundaries.Disadvantage- not lear if it is possible to ahieve the desired highorder of auray.Flow domain remeshing method:Advantage- no onstraint on boundary movement as �nite elementdisretization an be used for eah newly generated mesh.Disadvantage- omputationally expensive, interpolation betweensuessive meshes may not maintain auray.Mesh displaement method:Advantage- preserve the high order of auray of the underlyingsheme.Disadvantage- till now limited to simple boundary movementproblems.Shuvam Sen (TU) HOC for Deforming Domain 6 / 55



Challenges
Continuous boundary movement requires dynami oordinatetransformation between physial and omputational domains.Mapping needs to be onstruted at every time step.Motion of the grid points introdues dynami information, needsto be properly aounted.
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Disretization of Governing Equation
Higher order ompat disretization of Navier-Stokes system, astin strong onservation form on general time-dependent urvilinearoordinate, was introdued by Visbal & Gaitonde (2002 [1℄).Authors in [1℄ approximate �rst derivative only and employrepeated appliation of the same to ompute visous term.A spatially fourth order and temporally seond order ompat�nite di�erene sheme for generalized onvetion-di�usionequation was proposed by Sen (2013 [2℄, 2016 [3℄).
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Geometri Conservation Law (GCL)First oined by Thomas and Lombard (1979 [4℄).Integral form of GCL ddt Zell dv = Z�ell�!q :bnds�!q mesh veloity.Di�erential form of GCL in 2D(�xJ)� + (�xJ)� = 0;(�yJ)� + (�yJ)� = 0;(J)� � (J1)� � (J2)� = 0;J , J1, J2 are spatial and temporal metris.Shuvam Sen (TU) HOC for Deforming Domain 9 / 55



Understanding GCL in 1DConsider 1D onvetion-di�usion equationNon-onservative form���t � a�2��x2 + ���x = 0:Conservative form���t � ��x �a���x�+ ��x (�) = 0:For a dynamially deforming mesh in 1Dx = x(�; �); � = t:Shuvam Sen (TU) HOC for Deforming Domain 10 / 55



Understanding GCL in 1DThus using hain rule(:)t = �t(:)� + (:)� ; (:)x = �x(:)� with J = x�; J1 = x� :Non-onservative form���� � aJ2 �2���2 + � 1J (�J1 + ) + aJ3J�� ���� = 0:Conservative form��� (J�)� ��� �aJ �����+ ��� ((�J1 + )�) = � [(J)� � (J1)�℄ :Shuvam Sen (TU) HOC for Deforming Domain 11 / 55



Metri Evaluation
Satisfation of GCL is essential for simulation using onservativeform.May not hamper omputation arried out with non-onservativeform.What about free stream preservation?Nevertheless omputation of temporal and spatial grid metrisupto the respetive desired levels of auray is imperative.
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Governing EquationFor transport variable �(x; y; t) with spatial variables (x; y) de�nedover an arbitrary domain D � R2 the onvetion-di�usion equation is���t � a(x; y; t)��2��x2 + �2��y2�+ 1(x; y; t)���x + 2(x; y; t)���y = s(x; y; t);(1)(x; y; t) 2 D � (0; T ℄ with the initial ondition�(x; y; 0) = �0(x; y); (x; y) 2 D (2)and boundary onditionb1(x; y; t)�+ b2(x; y; t) ���n = g(x; y; t); (x; y) 2 �D; t 2 (0; T ℄: (3)Here a(x; y; t) > 0 and n is unit boundary normal vetor.Shuvam Sen (TU) HOC for Deforming Domain 14 / 55



Time Varying Transformation
We introdue the following time varying body �tted oordinatetransformation x = x(�; �; �); y = y(�; �; �); t = � (4)from non-dimensionalized Cartesian oordinate system to theurvilinear oordinate system, whereJaobian J = �(x; y)�(�; �) 6= 0 and J1 = �(x; y)�(�; �) , J2 = �(x; y)�(�; �) .
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Transformed EquationIn the omputational plane the equation redues to���� � �1(�; �; �)�2���2 � �(�; �; �) �2����� � �2(�; �; �)�2���2+�1(�; �; �)���� + �2(�; �; �)���� = s(�; �; �); (5)(�; �; �) 2 
� (0; T ℄ with the initial ondition�(�; �; 0) = �0(�; �); (�; �) 2 
 (6)and boundary ondition#1(�; �; �)� + #2(�; �; �)���� = g(�; �; �); (�; �) 2 �
; � 2 (0; T ℄: (7)Eq. (5) possesses positive de�niteness of the di�usion matrixi.e. �1 > 0, �2 > 0, j�j2 � 4�1�2 8 (�; �; �) 2 
� (0; T ℄.Shuvam Sen (TU) HOC for Deforming Domain 16 / 55



Transformed Equation�1 = aJ2 (x2� + y2�);�2 = aJ2 (x2� + y2� );� = �2aJ2 (x�x� + y�x�);�1 = 1J (�J1 + y� � dx�)� aJ3�J�(x�x� + y�y�)�J�(x2� + y2�) + J(x�x�� + y�y�� � x�x�� � y�y���;�2 = 1J (�J2 � y� + dx�)� aJ3�J�(x�x� + y�y�)�J�(x2� + y2� ) + J(x�x�� + y�y�� � x�x�� � y�y���:Shuvam Sen (TU) HOC for Deforming Domain 17 / 55



Transformed Equation
Introduing partial di�erential operator [A℄[A℄ � [��1��� � ���� � �2��� + �1�� + �2�� ℄; (8)equation (5) redues to:8><>:�t�(�; �; �) +A�(�; �; �) = s(�; �; �); (�; �; �) 2 
� (0; T ℄�(�; �; 0) = �0(�; �); (�; �) 2 
#1(�; �; �)� + #2(�; �; �)��� = g(�; �; �); (�; �) 2 �
; � 2 (0; T ℄ (9)
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Disretization ISemi-disrete O(h4; k4; h2k2) approximation of the governing Eq. (9)on a nine point stenil is�t�i;j +Ah;k�i;j = si;j; (10)where the disrete operator Ah;k is de�ned as [3℄Ah;k�i;j = (�2�1i;j Æ2� � 2�2i;j Æ2� + �i;jÆ�Æ�)�i;j+(�1i;j Æ� � �i;jÆ� + �1i;j )��i;j + (�2i;jÆ� � �i;jÆ� + �2i;j )��i;j : (11)h and k are uniform step sizes along � and � diretions respetively.
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Disretization II
Compatible fourth order approximations for spae derivatives areaomplished by using Pad�e approximations.�I + h26 Æ2����i;j = Æ��i;j; (12)and �I + k26 Æ2����i;j = Æ��i;j: (13)
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Impliit time disretizationTemporal disretization done using 2nd order Crank-Niolson method.Fully disrete sheme for grid point (i; j) at time level (n) is�1 + Æ�2 Ah;k��(n+1)i;j = �1� Æ�2 Ah;k��(n)i;j + Æ�2 �s(n+1)i;j + s(n)i;j � : (14)Details of stability of this sheme an be found in [2℄. On expansion[1� Æ�2 (2�(n+1)1i;j Æ2� + 2�(n+1)2i;j Æ2� � �(n+1)i;j Æ�Æ�)℄�(n+1)i;j= [1 + Æ�2 (2�(n)1i;j Æ2� + 2�(n)2i;j Æ2� � �(n)i;j Æ�Æ�)℄�(n)i;j�Æ�2 [(�(n)1i;j Æ� � �(n)i;j Æ� + �(n)1i;j )�(n)�i;j + (�(n)2i;j Æ� � �(n)i;j Æ� + �(n)2i;j )�(n)�i;j ℄+(�(n+1)1i;j Æ� � �(n+1)i;j Æ� + �(n+1)1i;j )�(n+1)�i;j+(�(n+1)2i;j Æ� � �(n+1)i;j Æ� + �(n+1)2i;j )�(n+1)�i;j � s(n)i;j � s(n+1)i;j ℄:Shuvam Sen (TU) HOC for Deforming Domain 21 / 55
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Ellipti Equation2D Ellipti equation of the form���2��x2 + �2��y2� = s(x; y; t) (15)in physial plane under transformationx = x(�; �; �); y = y(�; �; �); t = �redues to ��1(�; �; �)�2���2 � �(�; �; �) �2����� � �2(�; �; �)�2���2+�1(�; �; �)���� + �2(�; �; �)���� = s(�; �; �); (16)Shuvam Sen (TU) HOC for Deforming Domain 23 / 55



Disretized Ellipti Equation�1 = 1J2 (x2� + y2�); �2 = 1J2 (x2� + y2� ); � = � 2J2 (x�x� + y�x�);�1 = � 1J3�J�(x�x�+y�y�)�J�(x2�+y2�)+J(x�x��+y�y���x�x���y�y���;�2 = � 1J3�J�(x�x�+y�y�)�J�(x2�+y2� )+J(x�x��+y�y���x�x���y�y���:The disrete form of the equation (16) is(�2�1i;j Æ2� � 2�2i;j Æ2� + �i;j Æ�Æ�)�i;j + (�1i;jÆ� � �i;j Æ� + �1i;j )��i;j+(�2i;j Æ� � �i;jÆ� + �2i;j )��i;j = si;j: (17)Shuvam Sen (TU) HOC for Deforming Domain 24 / 55



Grid MetrisSpatial and temporal metris are omputed in three di�erent fashions:Following newly developed symmetri-onservative metrievaluation proedure of Abe et al. [6, 7℄. The proedure ensuringautomati satisfation of GCL identities in 2D is given by,J = [(x�y)� � (x�y)� + (xy�)� � (xy�)�℄=2;J1 = [(x�y)� � (x�y)� + (xy�)� � (xy� )�℄=2;J2 = [(x�y)� � (x�y)� + (xy� )� � (xy�)� ℄=2:Using ompat stenil.Using wide non-ompat stenil.In all omputations fourth order spatial and �rst order temporalauray is maintained.Shuvam Sen (TU) HOC for Deforming Domain 25 / 55



Grid Movement
Grid movements are arried in either of the two di�erent ways:1 Using losed form expression.2 Using Inverse Distane Weighting (IDW) interpolation.Initialized by Witteveen & Bijl (2009 [8℄) and Witteveen (2010 [9℄).Utilize reiproal distane weighted sums of the boundary nodedisplaements to the volume verties.The method was improved later by Luke et al. (2012 [10℄).
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Flow Deayed by VisosityA validation study is arried out by solving 2D N-S system�~q�t + (~q:r)~q � 1Rer2~q = �rp; (18)�r2p = r:[(~q:r)~q℄; (19)with ~q = (� os x sinye�2tRe ; sinx os ye�2tRe ); p = � (os 2x+os 2y)4 e�4tRe .A wavy urvilinear time deforming grid [1℄ is generated usingxi;j = �min + h �i+Ax sin(2�$�) � sin� nx�jk�max � �min�� ;yi;j = �min + k �j +Ay sin(2�$�)� sin� ny�ih�max � �min�� : (20)We take Ax = 1 = Ay, nx = 6 = ny, $ = 0:25, �min = 0 = �min,�max = � = �max and solve using a 61� 61 grid with Æt = 0:0025.Shuvam Sen (TU) HOC for Deforming Domain 28 / 55



Flow Deayed by Visosity
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(b)Figure 2: Grid at time (a) t = 1, (b) t = 3.
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Flow Deayed by Visosity
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(b)Figure 3: Comparison of vertial veloity at time (a) t = 5, (b) t = 15.
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Flow Deayed by Visosity
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(b)Figure 4: Comparison of pressure at time (a) t = 5, (b) t = 15.
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Flow Deayed by Visosity
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Freestream PreservationUsing the previous grid we examine freestream preservation propertyan uniform ow (u; v) = (u1; 0), omputed using 2D N-S equations.Boundary ondition:1 For horizontal veloity, u1 = 1 is imposed on left, top and bottomdeforming boundaries. Downstream onvetive ondition is used.2 For vertial veloity, v = 0 is imposed on all sides.3 Pressure on the boundaries is omputed usingbn:rp = bn:� 1Rer2~q � (~q:r)~q� :Table 1: Freestream Preservation Errors for 2D Wavy MeshSheme Error jjvjj1 Error jjpjj1With GCL 2� 10�29 1� 10�29Without GCL 4� 10�29 4� 10�29Shuvam Sen (TU) HOC for Deforming Domain 33 / 55



Lid-driven CavityWe test by omputing lid-Driven avity ow using a time varying grid.The grid suseptible to extreme ontration and strething is:x = � + 1500�6(� � 1=2)(1 � �)6�(1 � �) sin(2��);y = � + 1500�6(� � 1=2)(1 � �)6�(1� �) sin(2��): (21)
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Lid-driven Cavity
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Lid-driven ow in Deforming CavityThe sheme is applied to a losed ow ase with deforming boundary.Lower wall of the avity deforms with a presribed form [11℄ as:y = A sin(2�f�)�e(��a1)2 � e(��a2)2� (22)with A = 0:1; f = 0:2;  = 60; a1 = 0:375; a2 = 0:675; 0 � � � 1.
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Lid-driven ow in Deforming Cavity
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(b)Figure 9: Horizontal veloity at periodi state for Re = 100.Shuvam Sen (TU) HOC for Deforming Domain 37 / 55



Lid-driven ow in Deforming Cavity
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(b)Figure 10: Vertial veloity at periodi state for Re = 100.Shuvam Sen (TU) HOC for Deforming Domain 38 / 55



Lid-driven ow in Deforming Cavity
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(b)Figure 11: Pressure ontour at periodi state for Re = 100.Shuvam Sen (TU) HOC for Deforming Domain 39 / 55



Lid-driven ow in Deforming Cavity
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(b)Figure 12: Horizontal veloity at periodi state for Re = 500.Shuvam Sen (TU) HOC for Deforming Domain 40 / 55



Lid-driven ow in Deforming Cavity
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(b)Figure 13: Vertial veloity at periodi state for Re = 500.Shuvam Sen (TU) HOC for Deforming Domain 41 / 55



Lid-driven ow in Deforming Cavity

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

(a) 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

(b)Figure 14: Pressure ontour at periodi state for Re = 500.Shuvam Sen (TU) HOC for Deforming Domain 42 / 55



Lid-driven ow in Deforming Cavity
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Osillating ylinder in Cross-owStudy the ase of irular ylinder osillating laterally in a free stream.Streamfuntion vortiity formulation is used�!�t + u!x + v!y � 1Re(!xx + !yy) = 0�( xx +  yy) = !:Osillatory veloity transverse to the ow is imposedV = 2Ar�fr os(2�fr�); fr = fn=f; Ar = A=D:Numerially generated multi-blok grid is used.IDW interpolation is used to generate time deforming grid.Shuvam Sen (TU) HOC for Deforming Domain 44 / 55



Osillating ylinder in Cross-ow
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Osillating ylinder in Cross-ow
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Osillating ylinder in Cross-ow
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(d)Figure 18: (a) Streamlines, (b) Vortiity ontours, () Lamb vetor plot,(d) Drag and Lift oeÆients at Ar = 0:4, fr = 1:03, Re = 392.Shuvam Sen (TU) HOC for Deforming Domain 47 / 55
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(d)Figure 19: (a) Streamlines, (b) Vortiity ontours, () Lamb vetor plot,(d) Drag and Lift oeÆients at Ar = 0:5, fr = 0:93, Re = 392.Shuvam Sen (TU) HOC for Deforming Domain 48 / 55
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(d)Figure 20: (a) Streamlines, (b) Vortiity ontours, () Lamb vetor plot,(d) Drag and Lift oeÆients at Ar = 1:0, fr = 1:33, Re = 200.Shuvam Sen (TU) HOC for Deforming Domain 49 / 55
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(d)Figure 21: (a) Streamlines, (b) Vortiity ontours, () Lamb vetor plot,(d) Drag and Lift oeÆients at Ar = 1:2, fr = 1:6, Re = 200.Shuvam Sen (TU) HOC for Deforming Domain 50 / 55
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Thank you for your attention.
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